The Le numbers of the square of a function and their apphcations 



Javier Fernandez de Bobadilla and Terence Gaffney 
February 2, 2008 

Introduction 

Le numbers were introduced by Massey in [17], [18] with the purpose of nu- 
mericaUy controUing the topological properties of families of non-isolated hyper- 
surface singularities and describing the topology associated with a function with 
non-isolated singularities. They are a generalization of the Milnor number for 
isolated hypersurface singularities. 

The Le numbers are well-defined even for functions, /, which are not square- 
free; in this case the singular set of the function, denoted S{f), has a component 
which is a component of V{f). In this note we will describe the relation be- 
tween the Le numbers of / and where / is square- free, and we will use this 
connection in two applications. 

If / is not square-free, then the Le numbers of / have a contribution from 
the polar multiplicities of the components of S{f) which are also components of 
V(f). This contribution is described precisely in lemma 1.1, and is the basis for 
our two applications. 

This paper can be viewed as a step in understanding the Le numbers of the 
composite of a mapping with a function. Here we study the composite of an 
arbitrary square- free / and z'^. In [11], the second author studied the composite 
of a mapping G defining an ICIS (isolated complete intersection singularity) with 
a Morse function general with respect to the discriminant of G. 

The first application is concerned with the extent to which the Le numbers are 
invariant in a family of functions which satisfy some equisingularity condition. 

Le and Ramanujam proved in [14] that, except in the surface case a family 
of isolated hypersurface singularities with constant Milnor number has constant 
Milnor fibration (in a differentiable sense) and constant ambient topological type. 
Massey showed in [17], [18] that a family of hypersurface singularities with crit- 
ical set of codimension at least three in the ambient space and constant Le 
numbers has constant Milnor fibration in the differentiable sense. Massey then 
asked (in [19]) whether the constancy of the Le numbers is strong enough to 
ensure the constancy of the embedded topological type. 

The first author gave a negative answer to this question in [9] by showing, via 
explicit examples, that the constancy of the Le numbers does not even imply 
the constancy of the topological type of the abstract link (the intersection of 
the central fiber with the boundary of the Milnor sphere thought as an abstract 
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space, i.e., without its embedding into the Milnor sphere). However he showed 
that, if the dimension of the hypersurfaces is at least three, the constancy of the 
Le numbers ensures the constancy of the homotopy type of the abstract hnk. 

Conversely, the Milnor number is a topological invariant. Massey asked in [17] 
whether the Le numbers could be topological invariants. One should note that 
in an strict sense the answer to this question is negative: if / is a square-free 
holomorphic germ then / and have the same ambient topological type but 
different Le numbers. Therefore it makes sense to reformulate Massey's question 
using stronger notions instead of ambient topological invariance. Reasonable 
ones seem to be topological right-equivalence invariance or ambient topological 
invariance along a family. In this paper we will show that Lc numbers are not, in 
general, invariants for the seemingly strongest purely topological notion: the Le 
numbers are not necessarily constant in a family of topologically right- equivalent 
functions. 

The way of showing this is as follows: we show that if a function / defines 
an isolated singularity then the Le numbers of its square with respect to 
a generic coordinate system, determine, and are determined by Teissier's 
sequence. Therefore if ft is topologically trivial but not a //* constant family, 
then f^ is the desired counterexample (see the details in section 2) . This looks a 
bit surprising: the Le numbers are not topological invariants using the strongest 
topological equivalence, and they are not strong enough to control the topology 
of the abstract link in a family, but on the other hand they can be used to char- 
acterize ambient Whitney equisingularity for families of isolated singularities. It 
would be interesting to determine more precisely the topological content of the 
Le numbers. 

Finally we notice that using squares of reduced functions we could not find any 
family of topologically right-equivalent functions such that the top Le-number 
(Le number corresponding to the highest dimensional Le cycle) is not constant. 
In fact we will note that if in any family of topologically right-equivalent squares 
of functions defining isolated singularities the top Le number is constant then 
Zariski's multiplicity conjecture is true for families of isolated singularities and 
conversely. This could lead one to think that the top Le number is invariant in 
families of topologically right-equivalent functions. We show that this is false by 
a counterexample (which is not a family of squares of functions). 

The idea of looking at the Le numbers of the square of a function has another, 
completely different, interesting application. Using them we can get a quick 
proof of a new formula for the Euler obstruction for hypersurfaces. We explain 
this connection below. 

The Euler obstruction is an idea introduced by MacPherson ([16]) as a key 
step in developing the notion of the Chern class for singular spaces. Recently, 
Brasselet, Le, Seade [1] found a formula for the Euler obstruction using a general 
linear form L. Their formula is: 



Eux(O) = y^.x{Vi DBsD L-\to)) ■ Eux{Vi), 
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where Bg is a small ball around in C^, to & C \ {0} is sufficiently near {0} 
and Eux{Vi) is the Euler obstruction of X at any point of the stratum Vi, {Vi} 
a Whitney stratification. 

We use the Le numbers to derive a formula for the Euler obstruction at the 
origin of a hypersurface singularity. Our formula seems dual to that of BLS, in 
that our formula is a relative formula ; wc work not on X but with the function 
/ defining X; hence the terms in our formula come from components of the 
exceptional divisor of the blowup by J(/), not with a Whitney stratification of 
X. Further, the main operators, Euler number and complex link switch roles in 
these two formulas. 

Although our formula applies directly only to hypersurface singularities, Le 
and Teissier showed that it has wider utility. In their seminal paper [15] theorem 
6.4.1, they showed that the Euler obstruction at the origin for any equidimen- 
sional reduced analytic set X'^, is the same as that of the hypersurface obtained 
by projecting X^ to C''"'"^ using a generic projection. 

In the first section we relate the Le numbers of with the Le numbers and 
the multiplicities of the relative and absolute polar varieties of /. In the case in 
which / defines an isolated singularity, our formula boils down to the relation 
between the Le numbers of and the /x*-sequence of /. After that we derive 
the relations between Le numbers and topology predicted above. In the second 
section we compute our formula for the Euler obstruction. In the third, we use 
the formula to compute some examples. 

In particular we are able to compute the Euler obstruction of any X defined by 
a function which only has transverse D{q, p) singularities off the origin. Examples 
of this class are singularities of finite codimension with respect to certain types of 
ideals (see [27], Example 11.3 in [8]). These singularities have been studied and 
are interesting in many respects (see [8], [9], [24] and references therein). This 
example also shows how our formula and that of [1] can be used together in the 
study of hypersurface singularities which satisfy some transversality conditions 
except at the origin. 

When this work was completed David Massey pointed out to us that our The- 
orem 2.1 also follows from the general index formula of Brylinski, Dubson, and 
Kashiwara, coupled with some results from his papers. We also thank Massey 
for a careful reading of an earlier preprint version of our paper. 

1. The Le numbers of the square of a function 

Setup: Let / : — > C, 0, X = /~^(0). One can define the Le numbers 
of / at as follows. Blow up ^^,0 by the jacobian ideal of / denoted J(/). 
The blowup 5j(j^)(C"') is a subset of C" x P"'"^, with exceptional divisor [E]. 
By abuse of notation wc call subsets of the form C"^ x H hypcrplancs if i7 is a 
hyperplane on P'^~^ and denote their cycle class by [H]. Similarly, we denote 
the cycle class of the intersection of r general hyperplanes by [HY. The Le cycle 
of / of dimension fc, < < n - 1, denoted A'^(/,0), is n^{[E] ■ [H^-''-^), 
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where [H]^~^~^ is general for [E], tt* is the map on cycles induced from the 
projection of the blowup to C^. If is the multiplicity of the z-th component 
of the underlying set of A.^{f, 0), and is the degree of the component, then the 
k-th Le number of / at 0, denoted A'=(/,0) is Ei^iCi. (Cf.[19] pl03.) 

Note that the components Ei of the exceptional divisor are the conormal 
varieties of the projection of the components to C"^. (Recall that the conormal 
variety of an analytic set X consists of the tangent hyperplanes to the smooth 
part of X, and their limits at singular points.) This follows because / satisfies 
the A/condition at the generic point z of 7r{Ei) for the pair (C", n{Ei)), and a 
dimension count shows that the set of limits is exactly the set of hyperplanes 
which contain the tangent space to 7r(-Ej) at z. 

This last remark leads to a relation between Le numbers and polar varieties. 
In preparation for a description of this connection, recall that the polar varieties 
of an analytic set X C C", are defined by intersecting the conormal variety of 
X, denoted C{X) with hyperplanes on C" x P"-i and projecting to X. 

Now, the Le cycles of / can be decomposed into two types of cycles- the 
fixed cycles, whose underlying sets are the images of the components of the 
exceptional divisor of Blj(f-)(C"), and the moving cycles whose underlying sets 
are the the polar varieties of the images of the components of the exceptional 
divisor. (The fixed cycles are the part of the Le cycle which is independent of 
the choice of hyperplane; the moving cycles are the part that moves with choice 
of hyperplane.) The underlying sets of the moving cycles are the the polar 
varieties of the images of the components of the exceptional divisor because the 
components of the exceptional divisor are the conormals of the images. (Cf. 
Theorem 7.5 of [21] for a discussion of this point in the more general context of 
characteristic cycles of perverse sheaves.) 

Label the j-th component of the underlying sets of the fixed cycles of dimension 
i by I A* p(/)|, and a generic point of the component by Zi^. Denote the absolute 
polar variety of dimension i of a complex analytic variety X at the origin by 
r*(X), and denote the relative polar variety of / of dimension z + 1 at the point 
2; by T'+\f,z). 

Lemma (1.1) Suppose f : C", ^ C, 0, / is square-free, X = /~^(0). Then 

y{f) = 2XV) + m{r{x))+ mir'+\f,Zkj))miri\AlM)\),Q), 

k>i,i 

where Zkj is a generic point o/|A^^^(/)|. 

Proof. The underlying set of the exceptional divisor of i?j(j-2)(C'^) is the 
same as that of Bj(^f^{C^) with the addition of the strict transform of X as a 
component. The strict transform of X is just the conormal variety of X. This 
follows because the limits of the tangent hyperplanes to the fibers of at a 
point of X are generically the tangent plane to X at the point, since A/holds 
generically. Thus, the underlying sets of the fixed cycles of consist of X and 
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those of /, while the underlying sets of the moving cycles of consist of the 
polar varieties of X and the underlying sets of the moving cycles of /. 

Since / is square free, at a generic point of any component of X, J{P) = I{X), 
hence the contribution to the Le cycle of dimension i from X is just m(r'(X)), 
the multiplicity of r*(X) at 0. 

If is the underlying set of a fixed Le cycle of /, then to calculate the 
degree of V for work at the generic point z of V , pick a generic plane P 
of dimension complementary to V , find the relative polar curve of restricted 
to P, and calculate the degree of J(/^) = fJ{f) on the curve. This degree is 
just the degree of J(/) on the curve plus the degree of / on the curve. The 
polar curve in this case is just the polar curve of / restricted to P, so the first 
degree is the same as the degree of V for J(/), while the second is the degree 
of V plus the multiplicity of the polar curve ([19] p. 24 proposition 1.23). 
Since the multiplicity of the polar curve is just the multiplicity of r'^+^(/, 2), 
summing over all the fixed and moving components of / of dimension i we get 
2A*(/) + Efc>^,J ?Ti(r'=+i(/, Zj))m{r\Alp.{f)\,0), from which the result follows. 

Notice that if i = 0, then the formula becomes 

This is because there are no polar varieties of dimension 0, so the only component 
of Ej(^f2^ which contributes is that which projects to the origin. 

Suppose now that / defines an isolated singularity. Then the Le cycle A*(/) is 
empty for i > 0. Hence there is a unique fixed Le cycle, which is of degree and 
is equal to /x(/)[0], where is the Milnor number of / and [0] is the 0-cycle 
given by the origin of C". In this context the formula given in Lemma 1.1 boils 
down to 

\\f)=m{V\X)\ 

if z > and to 

X\f)=^{f)+m{T\f,Q)). 

Notice that, using the fact that / defines an isolated singularity, the above 
equalities can be easily obtained as well from calculating the Le cycles with the 
procedure described in page 18 of [19]. 

Assume that the coordinate system (xi, x^) with which we are working 
is generic. Denote by Hi the plane section defined by Hi :— V{xi, ...,Xi) for 
z > 0, and Hq := C". Define fi := f\Hi- Teissier's //*-sequence associated to / 
is the sequence of numbers defined by n^{f) = A*(/) l^^~^{f) = l^{fi)i for 
1 < i < n — 1. Observe that fJ.^{f) = m{X) — 1. 

The polar varieties of X in these coordinates are given by 

T''-\X) = X, 

r{X) = Vif, df/dXi+2, df/dXn), 

for 1 < i < n - 2. 
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By the genericity of the coordinate system the set 

V{xi, Xi, /, df/dxi+2, df/dxn) 
is isolated at the origin, and moreover we have the equahties 

m{r{X)) = loiHiXiX)) = liOcr^,o/{xi, ...,Xk, f,df /dxi+2, ...,df/dxn)). 
On the other hand, as fi defines an isolated singularity, we have 
r^(/i,0) = V{xi,...,Xi,df/dxi+2,...,df/dxn), 
for < ? < n — 1. Hence 

l{Ocr^,o/{xi, Xk, f, df/dx,+2, df/dxn)) = Io{V{f),r\U 0)). 
By [13], for z < n — 2, we have 

io{v{f),r\f,, 0)) = + = /."-^(/) + i,--'-\f). 

We have also 

m{^\f,0)) = ^^^{f)+^^^-\f). 
Combining the above equalities we have proved: 
Lemma (1.2) /// defines an isolated singularity 

Xn-i{f)=m{X), 

for 1 <i < n — 2, and 

By [25] and [2] and Lemma 1.2 we immediately deduce: 

Corollary (1.3) Let ft be a family of isolated singularities holomorphically 

depending on a parameter t. Then ft is ambient Whitney equisingular if and 
only if the Le numbers of ff are independent oft. 

The family ft := xl + tx2X3 + X2Xi+x\^ + x1 is a stabilisation of the Briangon 
and Speder example of /U-constant but not //* constant family (see [3]). By [26], 
there exist positive e and S and a continuous family of homeomorphisms 

ht:B,n foHDs) ^B,n ft-\Ds), 

such that ft composed with ht gives /q. 

As ff^{Ds) = {ff)~^{Dg2) and f^ composed with ht gives /q we have 
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Example (1.4) The family is topologically right-equivalent trivial but its 
Le numbers are not constant. 

We note that we have not found examples of topologically right-equivalent 
functions which are squares of functions defining isolated singularities such that 
the Le number corresponding to the Le cycle of maximal (the top Le number) 
dimension is different for them. The difficulty is explained by the following 
observation: 

Lemma (1.5) Zariski's multiplicity conjecture for isolated singularities is 

equivalent to the following statement: let f and g be function germs defining 
isolated singularities, if f^ and are topologically right equivalent then their 
top Le numbers are equal. 

Proof. Let us deduce first Zariski's multiplicity conjecture from the proposed 
statement. Suppose that / and g have the same ambient topological type. Ac- 
cording to [12] they are topologically right-equivalent. By the argument above 
then and are also topologically right equivalent, and hence they have the 
same top Le number. As the top Le number of the square of a reduced function 
/ equals the multiplicity at the origin of / we are done. 

Suppose now that Zariski's multiplicity conjecture is true. If and g^ are 
topologically right-equivalent then clearly / and g have the same embedded 
topological type. By Zariski's multiplicity conjecture they have then the same 
multiplicity, and hence and g^ have the same top Le number. We are done. 

We describe now a counterexample to the topological right-equivalence invari- 
ance of the top Le number in general (for non- necessarily squares) . Define germs 
/,^,:(C3,0)^Cby 

f{x,y,z) :^ x'' + y'' + 
9tix,y, z) := xy + tz. 

Note that if the x, y, z, t have weights (2, 3, 5, 0) respectively then / and gt are 
weighted homogeneous with weights (30,5). Further, the family of pairs {f,gt) 
defines a family of i.c.i.s. with constant Milnor number and non-constant mul- 
tiplicity (the multiplicity of the i.c.i.s. is 12 for t = and 10 for t 7^ 0). The 
family is due to Henry and appears in [4]. Define Ft : (C^, 0) ^ C by 

Ft:= f'-9r = if + 9t)if-gt). 

Here the form of is chosen so that Ft is weighted homogeneous with weight 60. 
It is easy to check that the singular set of the central fibre of Ft is the intersection 
of the hypersurfaces V{f + gf) and V{f — gf), which is precisely V{f,gt). The 
generic transversal singularity is An for any value of t. The first Le number 
of Ft is the product of the multiplicity of V{ f, gt) by the Milnor number of the 
generic transversal singularity. Hence the top Le number of the family Ft is not 
constant. However: 
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Lemma (1.6) The family Ff is topologically right- equivalent trivial. 

Proof. We will prove this using the techniques of [5]. The basis of these 
techniques as described on p341 of [5] applies to any function whether the sin- 
gularities are non-isolated or not. We will describe how to construct a time 
dependent vector field ^{t, z) which is continuous everywhere and integrable, 
such that DFt{—l, ^) = 0. Since the flow of < —1, ^ > is C^, this will show that 
the family is right-equivalent trivial. 

To construct ^{t,z) we want to understand Jg{Ft), the ideal generated by 
the partials of Ft with respect to {x,y,z). It is helpful to think of F as the 
composition of X'^ — Y^'^ and {f,gt)- We can then view Jz{Ft) as the image 
of the composite of two maps, D{X'^ — Y^"^) o {f,gt) and [Mt] = [D{ft,gt), kt] 
where kt generates the kernel of D[X^ — y^^) o {f,gt)- It then follows that 
hi2ft — h2l2gl^ is in Jz{Ft) if and only if (/ii,/i2) is in the O4 module Mt 
generated by the columns of [Mt]. If t = 0, then an easy bare hands computation 
shows that the module Mq has rank 2 except at the origin, hence contains 
m^Ol for some k. Since in [Mt], we are deforming the last two columns by 
terms of weight greater than or equal to the weights of the entries in the last 
two columns, by Nakayama's lemma we can show that Mt contains m^Ol. 

Now we construct the control function and take the next steps in the construc- 
tion of $,{t,z). Start with x"/^, y"/^, 2;"/^ for a very large and divisible by 30, 
multiply each by {Ft)t/ {l'2b){xy — tz)^'^, which is the preimage of {Ft)t , write 
this as M{vx), M{vy), Mivz), where we can take Vx,Vy, Vz weighted homogeneous 
vector fields. Now multiply the first equation 

x-/\Ft)t/{12b){xy -tz)'' = MM 

by the complex conjugate of x"/^, do a similar thing to the other equations, sum 
the equations; the control function p is the sum of products of the 
with their conjugates. 

Let v'^ be the field made up of the first three components of {x)"'^'^Vx. Then 
the desired vector field is 1/ p{v'^ '^'y '^'z) 'the t axis and on the t axis. 

It is clear that ^{t,z) is defined everywhere and real analytic off the t axis. 
The continuity of ^{t, z) and the integrability of < — 2;) > follow from the 
material in [5] p341-343. 

The technique used in this example covers a broad class of weighted homoge- 
neous, non-isolated singularities, but we do not state a general result here. 

It would be nice to answer: 

Question 1.7. For which functions is the top Le number an invariant of 
topological right equivalence? 
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2. The formula for the Euler obstruction 

We continue with the notations of the previous section. At a generic point 
Zij of I A* ^(/)|, chose a generic plane H of complementary dimension to i. The 
complex link of A fl if at Zi^j has the homotopy type of a bouquet of spheres, let 
6(1 A* ^(/)|, A) denote the number of spheres in this bouquet. Denote the Euler 
obstruction to an analytic set F at a; by Eu(y, x). Given a complex analytic set, 
let xi^i A, 0) denote the Euler characteristic of the complex link of A at 0. 

Theorem (2.1) Suppose / : C",0 ^ C,0, / is square-free, A = /"HO)- 
Then 

Eu(A,0) = x{L.X,^)+ (-1)""'K|A},^(/)|, A)Eu(|Aj,^(/)|,0). 

i>Q,j 

Proof. We know that the alternating sum of the Le numbers of is the 
reduced Euler characteristic x(M(/^)) of the Milnor fiber of ([20], Theorems 
II. 10. 3 and IV. 3. 5). The Milnor fiber of is just two disjoint copies of the 
Milnor fiber of /, so the reduced Euler characteristic of is: 

x(M(/2)) = 2x(M(/) + l. 

Taking the alternating sum of the Le numbers of p we get: 

n— 1 

2x(M(/) + l = J], (-ir-i-V(/2) = 

n—1 

E,=o i-^r~'~\mf)+m{r\x))+ J2 m{r'^+\f,z,,j))m{r{\AlM)\),Q)) 

k>i,j 

Now Er=ro^(-l)""^"'(2A*(/)) = 2x(M(/)), and the alternating sum of the 
polar multiplicities of the germ of an equidimensional analytic space (A, x) is 
just Eu(A, x) by the main theorem of [15] (p476). Using these two facts we get: 

i = Eu(A,o) + (-ir-M(r'(/,o))) 
+ E (-i)^-^-^m(r'=+^(/,^,))Eu(|A;.^(/)|,o). 

i>0,j 

Solving for Eu(A, 0) we get: 

Eu(A,0) = l + (-l)'^m((rH/,0)) 
+ J2 {-ir-'m{r'^^\f,z,,,))Eu{\AlMM- 

i>0,j 

By a theorem of Massey's (p. 365, [21]) we have that the multiplicity of the 
relative polar variety of / of dimension k+1 at the point Zj is the 6(|A^^(/)|, A). 

Thenx(i^,A,0) = l + (-l)-2m(ri(/)) = l + (-l)"m(rH/)). So, ' 

Eu(A, 0) = x{L, X,0)+J2 (-1)"-^K|A;- f (/) I, A)Eu(|A},^(/)|, 0). 

i>0,j 
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3. Examples 

In the first two examples we recover the calculation of Eu(X) in two basic 
examples. 

Example (3.1) Suppose / has an isolated singularity, then there are no A*, p 
terms, and we get Eu(X,0) = x{L,X,0) = 1 + (-1)"- 0). 

Example (3.2) Suppose the singular locus of /, S{f) consists of curves. Then 
each curve is a fixed component of the Le cycles; choosing a complementary and 
generic hyperplane and intersecting with X we are again in the situation of 
an isolated hypersurface singularity, so b{\A^ p{f)\, X) = fi'^~'^{X H H, Zj) = 
{cj — 1)( — l)"^"*^, where ej is the value of the Euler obstruction to X at a generic 
point of |A]^^(/)|. Now, Eu(|A]^^(/)|,0) = m(|A]_^(/) |, 0), by the theorem of 
Le and Teissier, so we recover the result of Dubson ([6]), 

Eu(X, 0) = x{L, X, 0) + Yl(-^r~'i-^r~'(^J - 1) = X{L, X, 0) - J^i^ - ej). 

3 3 

In the next two examples we look at those X which are defined by functions 
which ofi' the origin have only A{k) singularities (example 3) and D{q,p) sin- 
gularities (example 4). These ideas were originally defined by Siersma and his 
students and are interesting because these germs play the same role for non- 
isolated hypersurface singularities that finitely determined functions play for 
isolated hypersurface singularities. 

Example (3.3) We say / defined on C" has a singularity of type A{d) at z 
if the singular set at z has dimension d and the germ of / at 2; has normal form 
zf + . . . + z'^_^- Suppose / is a function such that off the origin / has only A{d) 
singularities; denote the singular set by V, then V has an isolated singularity 
at the origin. Then the fixed components of dimension > are exactly the 
components Vi of V, and b{Vi,X) is 1 for all components. Meanwhile, since V 
has an isolated singularity, Eu{Vi,0) = x(Lv. ,0), where x(Lvi,0) denotes the 
Euler characteristic of the complex link of Vi at 0. So Eu{X, 0) = x(L,X, 0) + 

In preparation for the next example we discuss the D{q, p) singularities. These 
are singularities of functions in which the singular locus is smooth. If / has a 
non- isolated singularity of type D{p{p + l)/2,p), then it is known that by a 
change of coordinates, / has the normal form 

p 

/(x, y) = 02 ^idyiy3) + vl+i + ■■■ + vl+k = [y]*[x] [y] + vl+i + ■■■ + vl+k- 

Here [X] is a symmetric matrix with diagonal entries Xi^i and off diagonal 
entries l/2xij and n, the dimension of the domain of f is p + k + p{j> + l)/2. 
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In the notation D(q,p), p refers to the size of the matrix [X] while the number 
of generators of the ideal / = (y) which defines the singular locus of / is p + k, 
while q is the dimension of the singular set. The smallest q can be is p{p+ l)/2. 
If q > p{p + l)/2, then the additional coordinates do not appear in the normal 
form. (Cf. [22], [23].) 

Example (3.4) Now, suppose S{f) is an analytic set such that off the 
origin / has only A{d) singularities or D{q,p) singularities appearing transversely 
(see [8], section 11.3). Then, there are two types of fixed cycles of dimension 
> ; they are the underlying sets of the components of and D, the set of 
points where / has a D{q,p) singularity. (Assume D has dimension at least 1, 
otherwise we are back in the last case.) The assumption on the behavior of / off 
the origin again implies that has an isolated singularity. At a generic point 
Zi of Di, a component of D, f has the singularity type of a suspended Whitney 
umbrella. So, b{Di,X) is the multiplicity of the relative polar curve of / at z, 
which is 1. So 

Eu(X, 0) = x{L, X, 0) + (-1)-'^ x{Lv,,Q) + (-1)"-'^-^ Y. 

i i 

Using our formula alone, at this point we would compute Eu(-Di,0) using 
the formula of Le and Teissier. Notice that this is no more complicated than 
calculating the contributions to the Le numbers coming from the Dj. 

Combining our formula with that of Brasselet, Le and Seade we can make 
further progress. By the transversality condition which / satisfies, a Whitney 
stratification of Di is given by the stratification by D{q,p) type. The Euler 
invariant at a generic point of each stratum can be calclulated because the mul- 
tiplicities of the polar varieties are known. For the set of symmetric pxp square 
matrices the polar multiplicities at the zero matrix of the set of matrices of kernel 
rank 1 are given by: 

\p-l-lj 
^p(P+l)/2-i-l = o,i>p. 

(See [10] for a proof.) 

Then, at the generic point z of each stratum of D, slicing by a complementary 
generic plane P, the germ X (1 P, z is isomorphic to the germ of the set of 
symmetric pxp square matrices of kernel rank 1 at the zero matrix where p 
is determined from the local nornmal form of /. Thus, the polar multiplicities 
of X n P, ^ at ^ are the same as for the square matrices, and the local Euler 
obstruction is the same as well. Denote the value of the Euler obstruction to the 
germ of the set of symmetric pxp square matrices of kernel rank 1 at the zero 
matrix by Eu(p). 
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Looking at the formulas for the polar multiplicities we notice the following 
relations: 

2Eu(p) = 2(^^^) + ...+(-irv(|;) 

{-ir-^2Eu{p) = 2^ + ... + (-lF-'2(^^ ^ ^ 

(_l)p-i2Eu(p) + (-1)^ ^2P + ... + {-lY-^2 i-'^T = (2 - = 1- 

Hence 

1 _ (-i)p 

Thus Eu(p) = for p even and Eu(p) = 1 for p odd. 

Denote the stratum of type p of Di by Di^p, by Dp the union of Di^p over i. 
Applying the formula of Brasselet, Le and Seade to Eu(D, 0), we get: 

Eu(A,o) = ^ x{Di,pnBenL-\to)). 

Then we get: 

Eu(X, 0) = x{L, X, 0) + {-ir-''x{Lv, 0) 

^_iy-d-i x{Dp n n L-\to)). 

Based on the parity of n — d this can be further simplified. Denote the smooth 
points of X by Xq. If n — cZ is odd, 

Eu(x, 0) = x{Xo n n L-\to),o) + V x{Dp nB,n L-\to)). 

If n — d is even, the story is a little more complicated. Let A denote the points 
on S{X) where the germ of / is of type A{n — d). Comparing the result of the 
BLS formula and ours we get: 

Eu(X, 0) = x{Xo nB,n L-\to), 0) + 2x{A n n L-\to), 0) 

and 

V x{Dpr)Bsr)L-''{to)) = o. 

' ^peven 



The procedure used to calculate this example should work whenever / sat- 
isfies a set of transversality conditions off the origin. From the transversality 
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conditions it should be possible to see what the fixed Le cycles are, and what the 
complex link of X at a generic point is. Then calculate the Euler obstruction 
for each fixed cycle at the origin, using the BLS formula. Here we only need a 
Whitney stratification of the fixed cycle, not of X, and these should come from 
the transversality conditions and the "general situation" . The calculation of the 
Euler obstruction should also follow from the general situation as it does in this 
example. 
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